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REFLECTIVE MODULAR FORMS ON LATTICES OF PRIME LEVEL
HAOWU WANG
Abstract. In [Sch06] Scheithauer classified strongly reflective modular forms of singular weight
on lattices of prime level. In this paper we give a full classification of reflective modular forms on
lattices of prime level and present many applications.
1. Introduction
LetM be an even lattice of signature (n, 2) with n ≥ 3 andM∨ be its dual lattice. The Hermitian
symmetric domain of type IV is defined as the cone
D(M) = {[Z] ∈ P(M ⊗ C) : (Z,Z) = 0, (Z, Z¯) < 0}+.
Let O+(M) < O(M) be the subgroup preserving D(M). A modular form of weight k ∈ Z and
character χ with respect to a finite index subgroup Γ < O+(M) is a holomorphic function on the
affine cone of D(M) satisfying
F (tZ) = t−kF (Z), ∀t ∈ C∗,
F (gZ) = χ(g)F (Z), ∀g ∈ Γ.
The theory of automorphic Borcherds products (see [Bor95, Bor98]) provides a remarkable
method to construct modular forms whose divisor is a linear combination of rational quadratic
divisors γ⊥. A modular form is called reflective if its zeros lie on some γ⊥ associated to roots of
M , namely the reflection
σγ : l 7→ l −
2(l, γ)
(γ, γ)
γ
belongs to O+(M). A lattice is called reflective if it has a reflective modular form. Let O˜
+
(M) <
O+(M) denote the subgroup acting trivially on the discriminant form M∨/M . Bruinier’s converse
theorem says that every reflective modular form for O˜
+
(M) is a Borcherds product if M splits
two hyperbolic planes (see [Bru02, Bru14]). Reflective modular forms have many applications
in generalized Kac–Moody algebras, algebraic geometry and reflection groups (see [GN98, Sch06,
GHS07, GH14] and a survey [Gri18]). It is an open problem to classify reflective modular forms
and their underlying lattices since 1998. In the past twenty years, some classification results have
been obtained in [GN98, Sch06, Sch17, Ma17, Ma18, Dit18, Wan18, Wan19].
In [Sch06], Scheithauer classified all strongly reflective modular forms of singular weight on
lattices of prime level. In the present paper, we give a complete classification of reflective modular
forms on lattices of prime level without any restriction on the weight and multiplicity of divisor.
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Let M be a lattice of prime level p. Since M is reflective if and only if M∨(p) is reflective, we
only need to consider lattices of signature (n, 2), level p and determinant pr with 1 ≤ r ≤ 1 + n/2.
The following is our main result.
Theorem 1.1. All reflective lattices of genus IIn,2(p
ǫpnp) with 1 ≤ np ≤ 1 + n/2 are as follows
p = 2 : II6,2(2
−2
II ) II6,2(2
−4
II ) II10,2(2
+2
II ) II10,2(2
+4
II ) II10,2(2
+6
II )
II14,2(2
−2
II ) II14,2(2
−4
II ) II14,2(2
−6
II ) II14,2(2
−8
II ) II18,2(2
+2
II )
II18,2(2
+4
II ) II18,2(2
+6
II ) II18,2(2
+8
II ) II18,2(2
+10
II ) II22,2(2
−2
II )
p = 3 : II4,2(3
−1) II4,2(3
+3) II6,2(3
+2) II6,2(3
−4) II8,2(3
+1)
II8,2(3
−3) II8,2(3
+5) II10,2(3
−2) II10,2(3
+4) II10,2(3
−6)
II12,2(3
−1) II12,2(3
+3) II12,2(3
−5) II12,2(3
+7) II14,2(3
+2)
II14,2(3
−4) II14,2(3
+6) II14,2(3
−8) II20,2(3
−1)
p = 5 : II6,2(5
+1) II6,2(5
−2) II6,2(5
+3) II6,2(5
−4) II10,2(5
+2)
II10,2(5
+4) II10,2(5
+6) II10,2(5
−1)
p = 7 : II4,2(7
+1) II4,2(7
−3) II6,2(7
+2) II6,2(7
−4) II8,2(7
−1)
II8,2(7
+3) II8,2(7
−5)
p = 11 : II4,2(11
−1) II4,2(11
+3) II6,2(11
+2) II6,2(11
−4)
p = 23 : II4,2(23
+1) II4,2(23
−3)
The associated reflective modular forms are constructed in §4.
We explain the main idea of the proof. Combining the arguments in [Sch06, Dit18] and the
Jacobi forms approach introduced in [Wan18, Wan19] together, we are able to prove that every
lattice not in the above list is not reflective. We use the quasi pull-back trick in [GHS07] and
the lifting from scalar-valued SL2(Z)-modular forms to vector-valued modular forms (see [Sch06])
to construct reflective modular forms. Our method does not rely on tedious computations and is
rather efficient. It is possible to use our approach to classify reflective modular forms on lattices of
arbitrary level.
This paper is organized as follows. In §2 we fix some notations and recall some known useful
results about reflective modular forms. In §3 we introduce the Jacobi forms approach to classify
reflective modular forms. §4 is devoted to the construction of reflective modular forms. In §5 we
prove our main theorem. In §6 we give some applications to the Kodaira dimension of orthogonal
modular varieties. Two new examples of orthogonal modular varieties of Kodaira dimension 0 and
geometric genus 1 are presented. We also explain how to determine the class number of the genus
of a lattice using our approach.
2. Notations and basic lemmas
Let M be a lattice of signature (n, 2) and prime level p, and let M∨ be its dual lattice. Then
M∨(p) is an even lattice of level p or level one in which case it is unimodular. Since
O+(M) = O+(M∨) = O+(M∨(p)),
a reflective modular form for O+(M) can be viewed as a reflective modular form for O+(M∨(p)).
Thus M is reflective if and only if M∨(p) is reflective.
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In view of the above fact, throughout this paper we only consider lattices of genus IIn,2(p
ǫpnp),
where n ≥ 3, p is a prime number, ǫp = − or +, 1 ≤ np ≤ n/2+1. By the Jordan decomposition of
discriminant forms and the oddity formula (see [Sch06]), ǫp is completely determined by n, p and
np. Therefore if two lattices of signature (n, 2) and prime level p have the same determinant then
they are isomorphic. Moreover, it is easy to derive the following facts
(1) When p = 2, the number n− 2 is divisible by 4 and np is even.
(2) When p ≡ 1 mod 4, we have n− 2 ∈ 4Z.
(3) When p ≡ 3 mod 4, we have n ∈ 2Z. Moreover, if n ≡ 0 mod 4 then np is odd; if n ≡ 2
mod 4 then np is even.
Let M be a such lattice. By [Nik80], M can be represented as U ⊕ U(p) ⊕ L or 2U ⊕ L, where
U is the unique even unimodular lattice of signature (1, 1) and L is a positive definite lattice.
A primitive vector v ∈ M is reflective if and only if (v, v) = 2 or (v, v) = 2p and v/p ∈ M∨.
As in [Ma17, Lemma 2.2], we show that if M carries a reflective modular form for a finite-index
subgroup Γ < O+(M) thenM also has a reflective modular form for any other finite-index subgroup
Γ′ < O+(M). ThusM is reflective if and only if it has a reflective modular form for O+(M). In this
paper we only consider reflective modular forms with respect to O+(M). Such modular forms are
called symmetric in Scheithauer’s papers [Sch06, Sch17]. We remark that Scheithauer established
a bound on the signature of reflective Borcherds products not invariant under O+(M) (see [Sch17,
Theorem 6.5]).
By [Sch15, Proposition 5.1] and the Eichler criterion (see e.g. [Gri18, Proposition 4.1]), all
vectors of norm 2 in M are in a same O+(M)-orbit, and all reflective vectors of norm 2p in M
are also in a same O+(M)-orbit. Thus, for a reflective modular form with respect to O+(M), all
2-reflective divisors have a same multiplicity denoted by c1. All 2p-reflective divisors have a same
multiplicity and we denote it by cp. A reflective modular form is called strongly if its divisors have
multiplicity one. A lattice M is called 2-reflective (resp. 2p-reflective) if it has a 2-reflective (resp.
2p-reflective) modular form.
Lemma 2.1 (Lemma 2.3 in [Ma17]). If M is 2-reflective, then any even overlattice M ′ of M is
also 2-reflective.
A vector is 2-reflective in M if and only if it is 2p-reflective in M∨(p). By the above lemma, it
is easy to prove the following result.
Lemma 2.2. Let M and N be two lattices of signature (n, 2) and prime level p.
(1) The lattice M is 2p-reflective if and only if M∨(p) is 2-reflective.
(2) Assume that M is an overlattice of N . If M is 2p-reflective then N is also 2p-reflective.
The following result proved by Scheithauer gives a bound on the signature of 2p-reflective
Borcherds products.
Lemma 2.3 (Proposition 6.1 in [Sch17]). Let M be a lattice of signature (n, 2) and prime level
p. If M has a 2p-reflective modular form which can be constructed as a Borcherds product of a
vector-valued modular form associated to M∨/M , then n ≤ 2 + 24/(p + 1).
We introduce a particular case of Dittmann’s result. Due to its importance, we recall its proof
and write a remark to explain how to use this result to construct reflective modular forms.
Lemma 2.4 (Lemma 4.5 in [Dit18]). Let M be a reflective lattice of signature (n, 2) and prime
level p. If M can be expressed as U ⊕ U(p)⊕ L, then n ≤ 2 + 48/(p + 1).
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Proof. Suppose that F is a reflective modular form for O+(M). Since M = U ⊕ U(p) ⊕ L, we
derive from [Bru14] that F is a Borcherds product. By [Sch15, Corollary 5.5], the corresponding
vector-valued modular form can be constructed as a lifting of some modular form for Γ0(p). More
precisely, there exists a nearly holomorphic modular form f of weight 1 − n/2 for Γ0(p) with a
character. We write f = aq−1 + b + O(q). We see from the expression of M that there are
nontrivial vectors of norm 0 in the discriminant group of M . By [Sch06, Theorem 6.2], we conclude
that f |S = cq
−1/p + d + O(q1/p), otherwise there will be some principal Fourier coefficients which
give non-reflective divisors. Here a, b, c, d are constants. The Riemann–Roch theorem applied to
f gives
−2 ≤ pν0(f) + ν∞(f) ≤
p+ 1
12
(
1−
n
2
)
,
which proves the lemma. 
Remark 2.5. Let M = U ⊕ U(p) ⊕ L and M1 = 2U ⊕ L. Assume that F is a reflective modular
form for O+(M) with multiplicities c1 6= 0 and cp. From the shape of f in the above proof, we
conclude that the Borcherds product of the lifting of f for M∨1 /M1 gives a reflective modular form
for O+(M1) with multiplicities c1 and pcp. The weight can also be worked out.
Using the idea of pull-backs, we demonstrate the following result (see [Wan19, §5]).
Lemma 2.6. Let M be an even lattice of signature of (n, 2) and L be an even positive definite
lattice. If M ⊕ L is reflective (resp. 2-reflective), then M is reflective (resp. 2-reflective) too.
In the lemma above, the reflective modular form for M is constructed as the quasi pull-back
M →֒M ⊕L. We refer to [Gri18, Theorem 6.1] for a general version of quasi pull-backs. Let F be
a reflective modular form of weight k for M ⊕ L. Then the weight of the quasi pull-back is given
by k plus one half of the number of divisors of F contained in L (counting multiplicity). Besides,
this type of quasi pull-back fixes the multiplicity of divisors in the case of prime level.
3. The Jacobi forms approach
In [Wan18, Wan19], we developed a new approach based on the theory of Jacobi forms to
classify reflective modular forms. We describe this approach in the case of prime level. We refer to
[EZ85, Gri18] for the theory of Jacobi forms.
Proposition 3.1. Let M = 2U⊕L be a lattice of prime level p and F be a reflective modular form of
weight k for O+(M). Assume that the 2-reflective and 2p-reflective divisors of F have multiplicities
c1 and cp, respectively. We define the root system associated to L as R(L) = R1(L)∪R2(L), where
R1(L) = {v ∈ L : (v, v) = 2}, R2(L) = {v ∈ L : (v, v) = 2p, v/p ∈ L
∨}.
(1) If R(L) is empty, then k = 12c1.
(2) If R(L) is non-empty, then R(L) generates L ⊗ R and thus it is an usual root system of
rank equal to rank(L). Moreover, the following identities hold
C :=
1
24
(c1|R1(L)|+ cp|R2(L)|+ 2k)− c1 =
1
2 rank(L)
(
2c1|R1(L)|+
2
p
cp|R2(L)|
)
,(3.1)
c1
∑
r∈R1(L)
(r, z)2 + cp
∑
s∈R2(L)
(s, z)2 = 2C(z, z), z ∈ L⊗ C.(3.2)
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(3) When p ≥ 5, R1(L) ∩ R2(L) = ∅, i.e. R(L) = R1(L) ⊕ R2(L). The set R1(L) is a direct
sum of some ADE-type root systems and all irreducible components have the same Coxeter
number denoted by h1. The set R2(L) can be represented as the p-rescaling R2(p), where
R2 is a direct sum of some ADE-type root systems and all irreducible components have the
same Coxeter number denoted by h2. Let n1 be the rank of R1(L). If R1(L) 6= ∅, R2(L) 6= ∅
and cp 6= 0, then we have
C = c1h1 =
cph2
p
,
k = c1
[
12(h1 + 1) +
1
2
(p− 1)n1h1 −
1
2
rank(L)ph1
]
.
Moreover, we have
(3.3) k ≥
1
2
[n1c1 + (rank(L)− n1)cp] .
Proof. We know from [Bru14] that F is a Borcherds product. In view of the isomorphism between
vector-valued modular forms and Jacobi forms, there exists a weakly holomorphic Jacobi form φ
of weight 0 and index L whose Borcherds product gives F (see [Wan19]). The divisors of F of the
form (0, 0, x, 1, 0)⊥ determine the q0-term of φ (see [Gri18, Theorem 4.2]). More precisely, we have
φ = c1q
−1 + c1
∑
r∈R1(L)
e2πi(r,z) + cp
∑
s∈R2(L)
e2πi(s,z) + 2k +O(q).
It was proved in [Gri18, Proposition 2.6] that the q0-term of a Jacobi form of weight 0 satisfies two
relations, which are exactly the two identities of the assertion (2) in our case. When R(L) = ∅, we
have C = 0 and then 124 × 2k − c1 = 0, which yields k = 12c1. When R(L) 6= ∅, we deduce from
(3.2) that R(L) generates L⊗R, otherwise there will be a nonzero vector orthogonal to R(L) and
then C = 0, which leads to a contradiction. It is easy to check that R(L) is an usual root system
by definition.
We now prove the last assertion. It is well known that every root system is a direct sum of
some irreducible root systems of type An, Bn, Cn, Dn, E6, E7, E8, G2, F4 and their rescalings (see
[Bou60]). But there are only 2- and 2p-reflections in R(L). When p ≥ 5, R1(L) must be a direct
sum of ADE-type root systems and R2(L) must be a direct sum of p-rescaling of ADE-type root
systems. It follows that R1(L)∩R2(L) = ∅. We conclude from (3.2) that the irreducible components
of R1(L) and R2(L) have a same Coxeter number respectively, and also C = c1h1 = cph2/p. The
identity related to weight k follows from (3.1). To prove inequality (3.3), we notice that the q0-term
of φ defines a holomorphic Jacobi form of weight k and index L as a theta block, which is also a
holomorphic Jacobi form of index R1(L) ⊕ R2(L) (see [Gri18, Theorem 4.2] or [Wan19, Theorem
4.6]). The singular weight argument of Jacobi forms says that if a holomorphic Jacobi form of
index L is not constant then its weight is not less than rank(L)/2 (see [Gri18, Page 823]). Since
R1(L) is orthogonal to R2(L), we obtain the desired inequality. 
4. The construction of reflective modular forms
In this section we construct reflective modular forms for all lattices listed in Theorem 1.1.
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Theorem 4.1. The following lattices have strongly 2-reflective modular forms. We give a model
for every lattice and indicate the weight k of the modular form.
II6,2(2
−2
II ), 2U ⊕D4, k = 72 II6,2(2
−4
II ), U ⊕ U(2)⊕D4, k = 40
II10,2(2
+2
II ), 2U ⊕D8, k = 124 II10,2(2
+4
II ), 2U ⊕ 2D4, k = 60
II10,2(2
+6
II ), 2U ⊕D
∨
8 (2), k = 28 II4,2(3
−1), 2U ⊕A2, k = 45
II4,2(3
+3), U ⊕ U(3)⊕A2, k = 18 II6,2(3
+2), 2U ⊕ 2A2, k = 42
II6,2(3
−4), U ⊕ U(3)⊕ 2A2, k = 15 II8,2(3
+1), 2U ⊕ E6, k = 120
II8,2(3
−3), 2U ⊕ 3A2, k = 39 II8,2(3
+5), 2U ⊕ E∨6 (3), k = 12
II6,2(5
+1), 2U ⊕A4, k = 62 II6,2(5
+3), 2U ⊕A∨4 (5), k = 12
II8,2(7
−1), 2U ⊕A6, k = 75
Proof. Some of them were constructed in [GN18, §4] as quasi pull-backs of the Borcherds form Φ12
for the even unimodular lattice of signature (26, 2). We explain the construction for the rest lattices.
The 2-reflective modular form for II6,2(5
+3) was constructed in [GW19]. The 2-reflective modular
forms for II4,2(3
+3), II6,2(3
−4) and II8,2(3
+5) can be constructed using the following embedding of
lattices
U ⊕ U(3)⊕A2 →֒ U ⊕ U(3) ⊕ 2A2 →֒ U ⊕ U(3) ⊕ 3A2 ∼= 2U ⊕ E
∨
6 (3).
By Lemma 2.6, it suffices to show that 2U ⊕ E∨6 (3) is 2-reflective. Notice that
(4.1) 2U ⊕ E∨6 (3)
∼= U ⊕ U(3) ⊕ 3A2 ←֓ 2U(3) ⊕ 3A2 = (2U ⊕ 3A2)
∨(3).
There is a 6-reflective modular form of singular weight 3 for 2U ⊕ 3A2 in [Sch06]. By Lemma
2.2, the lattice 2U(3) ⊕ 3A2 is 2-reflective. We obtain by Lemma 2.1 that 2U ⊕ E
∨
6 (3) is also 2-
reflective. Since E∨6 (3) has no 2-roots, we deduce from Proposition 3.1 that the 2-reflective modular
form for 2U ⊕ E∨6 (3) has weight 12. Note that the weight of pull-back is easy to work out. For
example, A2 has six 2-roots. Thus the 2-reflective modular form for U ⊕ U(3) ⊕ 2A2 has weight
12 + 12 × 6 = 15. 
Theorem 4.2. The following lattices have strongly 2p-reflective modular forms with indicated
weight k.
II6,2(2
−2
II ), 2U ⊕D4, k = 24 II6,2(2
−4
II ), U ⊕ U(2)⊕D4, k = 40
II10,2(2
+2
II ), 2U ⊕D8, k = 4 II10,2(2
+4
II ), 2U ⊕ 2D4, k = 12
II10,2(2
+6
II ), 2U ⊕D
∨
8 (2), k = 28 II4,2(3
−1), 2U ⊕A2, k = 9
II4,2(3
+3), U ⊕ U(3)⊕A2, k = 18 II6,2(3
+2), 2U ⊕ 2A2, k = 6
II6,2(3
−4), U ⊕ U(3)⊕ 2A2, k = 15 II8,2(3
−3), 2U ⊕ 3A2, k = 3
II8,2(3
+5), 2U ⊕ E∨6 (3), k = 12 II6,2(5
+3), 2U ⊕A∨4 (5), k = 2
Proof. These 2p-reflective modular forms are also constructed using quasi pull-backs of some known
reflective modular forms. Some of them can also be constructed as additive liftings of Jacobi forms
(see [Gri18, §5]). We only consider one tower. Since 2U ⊕ E∨6 (3) = (2U ⊕ E
∨
6 (3))
∨(3), we have by
Lemma 2.2 that 2U⊕E∨6 (3) has a 6-reflective modular form of weight 12. Then the quasi pull-backs
related to the tower (4.1) give 6-reflective modular forms of weight 15 and 18 for U ⊕ U(3) ⊕ 2A2
and U ⊕ U(3)⊕A2, respectively. 
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Theorem 4.3. The following lattices have reflective modular forms with multiplicity c1 = 1. These
modular forms can not be decomposed into a product of 2-reflective and 2p-reflective modular forms.
We indicate their weight k, multiplicity cp, and also if they are cusp forms.
II14,2(2
−2
II ), 2U ⊕ E8 ⊕D4, k = 144, c2 = 8, cusp
II14,2(2
−4
II ), 2U ⊕D8 ⊕D4, k = 80, c2 = 4, cusp
II14,2(2
−6
II ), 2U ⊕ 3D4, k = 48, c2 = 2, cusp
II14,2(2
−8
II ), 2U ⊕D
∨
8 (2)⊕D4, k = 32, c2 = 1, cusp
II18,2(2
+2
II ), 2U ⊕ E8 ⊕D8, k = 68, c2 = 16, cusp
II18,2(2
+4
II ), 2U ⊕ E8 ⊕ 2D4, k = 36, c2 = 8, cusp
II18,2(2
+6
II ), 2U ⊕ E8 ⊕D
∨
8 (2), k = 20, c2 = 4, cusp
II18,2(2
+8
II ), 2U ⊕ E8 ⊕ E8(2), k = 12, c2 = 2, non-cusp
II18,2(2
+10
II ), 2U ⊕D8 ⊕ E8(2), k = 8, c2 = 1, non-cusp
II22,2(2
−2
II ), 2U ⊕ 2E8 ⊕D4, k = 24, c2 = 8, cusp
II10,2(3
−2), 2U ⊕ E6 ⊕A2, k = 90, c3 = 9, cusp
II10,2(3
+4), 2U ⊕ 4A2, k = 36, c3 = 3, cusp
II10,2(3
−6), 2U ⊕ E∨6 (3) ⊕A2, k = 18, c3 = 1, cusp
II12,2(3
−1), 2U ⊕ E8 ⊕A2, k = 168, c3 = 27, cusp
II12,2(3
+3), 2U ⊕ E6 ⊕ 2A2, k = 60, c3 = 9, cusp
II12,2(3
−5), 2U ⊕ 5A2, k = 24, c3 = 3, cusp
II12,2(3
+7), 2U ⊕ E∨6 (3) ⊕ 2A2, k = 12, c3 = 1, cusp
II14,2(3
+2), 2U ⊕ E8 ⊕ 2A2, k = 84, c3 = 27, cusp
II14,2(3
−4), 2U ⊕ E6 ⊕ 3A2, k = 30, c3 = 9, cusp
II14,2(3
+6), 2U ⊕ 6A2, k = 12, c3 = 3, non-cusp
II14,2(3
−8), 2U ⊕ E∨6 (3) ⊕ 3A2, k = 6, c3 = 1, non-cusp
II20,2(3
−1), 2U ⊕ 2E8 ⊕A2, k = 48, c3 = 27, cusp
II6,2(5
−2), 2U ⊕ T4, k = 30, c5 = 5, cusp
II6,2(5
−4), U ⊕ U(5) ⊕ T4, k = 10, c5 = 1, cusp
II10,2(5
+2), 2U ⊕ 2A4, k = 52, c5 = 25, cusp
II10,2(5
+4), 2U ⊕A∨4 (5)⊕A4, k = 12, c5 = 5, non-cusp
II10,2(5
+6), 2U ⊕ 2A∨4 (5), k = 4, c5 = 1, non-cusp
II10,2(5
−1), 2U ⊕ T8, k = 120, c5 = 45, cusp
II4,2(7
+1), 2U ⊕ L7, k = 28, c7 = 7, cusp
II4,2(7
−3), U ⊕ U(7) ⊕ L7, k = 7, c7 = 1, cusp
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II6,2(7
+2), 2U ⊕ 2L7, k = 20, c7 = 7, cusp
II6,2(7
−4), U ⊕ U(7) ⊕ 2L7, k = 5, c7 = 1, cusp
II8,2(7
+3), 2U ⊕ 3L7, k = 12, c7 = 7, non-cusp
II8,2(7
−5), 2U ⊕A∨6 (7), k = 3, c7 = 1, non-cusp
II4,2(11
−1), 2U ⊕ L11, k = 24, c11 = 11, cusp
II4,2(11
+3), U ⊕ U(11) ⊕ L11, k = 4, c11 = 1, cusp
II6,2(11
+2), 2U ⊕ 2L11, k = 12, c11 = 11, non-cusp
II6,2(11
−4), U ⊕ U(11) ⊕ 2L11, k = 2, c11 = 1, non-cusp
II4,2(23
+1), 2U ⊕ L23, k = 12, c23 = 23, non-cusp
II4,2(23
−3), U ⊕ U(23) ⊕ L23, k = 1, c23 = 1, non-cusp
The lattices L7, L11 and T4 are defined as follows
L7 =
(
2 1
1 4
)
, L11 =
(
2 1
1 6
)
, L23 =
(
2 1
1 12
)
, T4 =


2 1 1 1
1 2 0 1
1 0 4 2
1 1 2 4

 .
The lattice T8 is a nontrivial even overlattice of E7 ⊕A1(5) and thus it has determinant 5.
In general, a lattice of signature (n, 2) may have several models, for example
U ⊕ U(2)⊕ Barnes-Wall lattice ∼= U ⊕ U(2) ⊕ 4D4 ∼= U ⊕ U(2)⊕ E8 ⊕ E8(2)
∼=U ⊕ U(2)⊕D8 ⊕D
∨
8 (2)
∼= U(2)⊕ U(2) ⊕ E8 ⊕D
∨
8 (2)
∼= U(2)⊕ U(2)⊕D8 ⊕ 2D4
∼=2U ⊕ E8(2)⊕D8 ∼= 2U ⊕D
∨
8 (2) ⊕ 2D4.
In the above theorem, we prefer to give models of type 2U ⊕ L.
Proof. We have the following embeddings of lattices
p = 2 : U ⊕ U(2) ⊕ 4D4 ←֓ U ⊕ U(2) ⊕ 3D4 ←֓ U ⊕ U(2) ⊕ 2D4 ←֓ U ⊕ U(2) ⊕D4,
p = 3 : U ⊕ U(3) ⊕ 6A2 ←֓ U ⊕ U(3) ⊕ 5A2 ←֓ U ⊕ U(3)⊕ 4A2 ←֓ U ⊕ U(3)⊕ 3A2 ←֓
←֓ U ⊕ U(3)⊕ 2A2 ←֓ U ⊕ U(3)⊕A2,
p = 5 : U ⊕ U(5) ⊕ 2T4 ←֓ U ⊕ U(5)⊕ T4,
p = 7 : U ⊕ U(7) ⊕ 3L7 ←֓ U ⊕ U(7)⊕ 2L7 ←֓ U ⊕ U(7) ⊕ L7,
p = 11 : U ⊕ U(11) ⊕ 2L11 ←֓ U ⊕ U(11)⊕ L11.
For the first lattice in every tower, Scheithauer [Sch06] constructed a strongly reflective modular
form of singular weight. We then construct many reflective modular forms using quasi pull-backs.
For some other lattices, we use the method indicated in Remark 2.5 to build reflective modular
forms. For example, we construct the reflective modular form for II18,2(2
+n2
II ), where n2 = 2, 4, 6, 8.
Firstly, by [Sch06], there is a strongly reflective modular form of singular weight 8 for II18,2(2
+10
II ).
This modular form is a Borcherds product of a vector-valued modular form which is a lifting of the
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Γ0(2)-modular form f(τ) = η
−8(τ)η−8(2τ). We calculate
f = q−1 + 8 +O(q),
f |S = 16q
−1/2 + 128 +O(q1/2).
Thus the lifting of f for the discriminant form of II18,2(2
+n2
II ) gives a nearly holomorphic vector-
valued modular form of weight −4 whose Borcherds product is a reflective modular form with
multiplicities c1 = 1 and c2 = 2
(10−n2)/2 and its weight is given by k = 12 (8 + 128/16 × 2
(10−n2)/2).
We then finish the constructions.
We next give the constructions for three exceptional lattices. The reflective modular forms for
2U ⊕ 2E8 ⊕ D4 and 2U ⊕ 2E8 ⊕ A2 were constructed in [Gri18] and [Wan19] as quasi pull-backs
2E8 ⊕ D4 →֒ 3E8 and 2E8 ⊕ A2 →֒ 3E8 of the Borcherds form Φ12. To construct the reflective
modular form for 2U⊕T8, we use the obstruction principal of Borcherds product in [Bru02, Theorem
1.17]. We claim that there is a nearly holomorphic vector-valued modular form of weight −4 for
the Weil representation of SL2(Z) associated to the discriminant form of 2U ⊕ T8 with principal
part
(q−1 + 240)e0 +
∑
γ∈D(T8),γ2≡
2
5
mod 2
45q−1/5eγ .
The Borcherds product of such modular form gives a reflective modular form of weight 120 with
multiplicities c1 = 1 and c5 = 45. Such modular form exists if and only if the functional in [Bru02,
Theorem 1.17] equals zero for all holomorphic modular forms of weight 6 for the dual of the Weil
representation. In our case, the dual of the Weil representation associated to the discriminant form
of T8 is itself. By [Sch15, Corollary 5.5], this obstruction space is the image of M6(Γ0(5), χ) under
Scheithauer’s lifting, where M6(Γ0(5), χ) stands for the space of modular forms of weight 6 for
Γ0(5) with the character χ =
(
·
5
)
. Note that M6(Γ0(5), χ) has dimension 4 and it is generated
by E4(τ)η
5(5τ)/η(τ), E4(τ)η
5(τ)/η(5τ), η15(5τ)/η3(τ) and η15(τ)/η3(5τ). We then assert the
existence of the desired vector-valued modular form by direct calculations.
We explain how to decide if each modular form is cuspidal. By [GHS13, Theorems 8.3 and 8.18],
the quasi pull-back is always cuspidal. For the case of 2U ⊕ T8, it is a maximal lattice and the
genus of T8 contains only one class (see [LMFDB]). Thus the associated modular variety has a
unique zero-dimensional cusp and a unique one-dimensional cusp. The value of the modular form
at the one-dimensional cusp is given by the Siegel operator and is equal to the zeroth Fourier-Jacobi
coefficient which is a modular form for SL2(Z). It is obvious that this SL2(Z)-modular form is zero.
We then conclude that the reflective modular form for 2U ⊕ T8 is cuspidal.
Finally, we explain why these modular forms cannot be decomposed. If one modular form can
be decomposed into a product of 2-reflective and 2p-reflective modular forms, then by Lemma 2.3
we have the restriction n ≤ 2 + 24/(p + 1). Thus we only need to consider a few cases. We prove
one case and the proof of other cases is similar. If U ⊕ U(5) ⊕ T4 is 2-reflective, then 2U ⊕ T4 is
also 2-reflective. This is ridiculous by Proposition 3.1 because the sublattice generated by 2-roots
of T4 is A2 and then does not span T4 ⊗ R. 
5. The proof of Theorem 1.1
In this section we prove Theorem 1.1. In the previous section, we have constructed reflective
modular forms for all lattices in Theorem 1.1. To complete the proof, it suffices to prove that any
lattice not listed in Theorem 1.1 is not reflective.
By [Wan18, Theorem 4.9] and Lemma 2.4, we only need to consider the following cases
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(1) p = 2: n = 6, 10, 14, 18 for all possible lattices; n = 22 and np = 2.
(2) p = 3: n = 4, 6, 8, 10, 12, 14 for all possible lattices; n = 20 and np = 1.
(3) p = 5: n = 6, 10 for all possible lattices; n = 14 and np = 1 or 2.
(4) p = 7: n = 4, 6, 8 for all possible lattices; n = 12 and np = 1.
(5) p = 11: n = 4, 6 for all possible lattices; n = 8, np = 1; n = 12, np = 1.
(6) p ≥ 13 and p ≡ 1 mod 4: n = 6, np = 1; n = 6, np = 2; np = 10, np = 1.
(7) p = 19: n = 4 for all possible lattices; n = 6, np = 2; n = 8, np = 1.
(8) p = 23: n = 4 for all possible lattices; n = 6, np = 2; n = 8, np = 1.
(9) p > 23 and p ≡ 3 mod 4: n = 4, np = 1; n = 6, np = 2; n = 8, np = 1.
We explain the details by examples. In the case of n = 10 and np = 2, the lattice has a model of
type U ⊕U(p)⊕E8. Thus it is not reflective if p > 5 by Lemma 2.4. In the case of p = 5, let M be
a reflective lattice of genus IIn,2(5
ǫ5n5). Firstly, we have n− 2 ∈ 4Z and we only consider the cases
satisfying 1 ≤ n5 ≤ n/2 + 1. By [Wan18, Theorem 4.9], we have the bound
n ≤ 10 + 24/(5 + 1),
which yields n = 6, 10, 14. By Lemma 2.4, if M can be written as U ⊕ U(5)⊕ L then
n ≤ 2 + 48/(5 + 1),
which follows that n = 6, 10. Thus in the case of n = 14 the lattice of M cannot be represented as
U ⊕ U(5)⊕ L. Therefore the only possible case is n5 = 1 or 2 when n = 14.
We have known that all lattices formulated in (1) and (2) are reflective. We then finish the proof
of Theorem 1.1 for p = 2, 3.
5.1. The case of p=4x+3. Let p = 4x + 3 be a prime number. Assume that p ≥ 7. We first
consider the case of n = 4 and np = 1. In this case, the lattice has genus II4,2(p
(−1)x+1) and can be
represented as 2U ⊕ Lp, where
Lp =
(
2 1
1 2x+ 2
)
.
The root system associated to Lp is A1 ⊕A1(p). Suppose that 2U ⊕Lp has a reflective modular
form. Then its weight and multiplicity satisfy
cp = pc1,
k = (35− p)c1.
We can assume that c1 = 1. In view of the singular weight (see (3.3)), we have k ≥ (1+p)/2, which
yields p ≤ 23. When p = 19, we have cp = 19 and k = 16. By Scheithauer’s condition in [Sch06,
§11], we have
3
k
·
1
B3,ψ
(p+ 1)2 = 1,
which leads to a contradiction when p = 19 by direct calculation. By Lemma 2.3, U ⊕ U(p) ⊕ Lp
has no 2p-reflective modular forms when p = 19 or p > 23. From this and Remark 2.5, we conclude
that U ⊕ U(p)⊕ Lp is not reflective if p = 19 or p > 23.
When n = 6 and np = 2, the lattice can be written as 2U ⊕ 2Lp. The root system associated to
Lp is 2A1 ⊕ 2A1(p). Suppose that 2U ⊕ 2Lp has a reflective modular form. Then its weight and
multiplicity satisfy
cp = pc1,
k = (34 − 2p)c1.
REFLECTIVE MODULAR FORMS ON LATTICES OF PRIME LEVEL 11
We assume that c1 = 1. In view of the singular weight, we have k ≥ 1 + p, which yields p ≤ 11.
Thus 2U ⊕ 2Lp is not reflective if p > 11.
We next consider the case of n = 8 and np = 1. In this case, the lattice has genus II8,2(p
(−1)x) and
we write it as M6,p = 2U ⊕L6,p. Note that L6,p can be constructed as a maximal even overlattice of
3Lp and thus it contains 2-roots. Suppose that M6,p has a reflective modular form F . By [Sch06,
Proposition 3.2], there is no vector v ∈ M∨6,p satisfying
1
2(v, v) ≡
1
p mod 1. Thus F must be a
2-reflective modular form and then the root system associated to L6,p is a root lattice of rank 6
and ADE-type. This is impossible when p > 7 because there is no root lattice of rank 6 whose
determinant is divisible by p. Hence II8,2(p
(−1)x) is not reflective if p > 7.
We now finish the proof of Theorem 1.1 in the case of p = 4x + 3. When p = 7, we need to
prove that the lattice is not reflective if n = 12 and np = 1. We choose a model of this lattice as
2U ⊕E8 ⊕ L7. Notice that E8 ⊕ L7 has associated root system E8 ⊕A1 ⊕A1(7). Since E8 and A1
have different Coxeter numbers, we assert from Proposition 3.1 that 2U ⊕E8⊕L7 is not reflective.
When p = 11, the lattice with n = 12 and np = 1 is not reflective and the proof is similar.
5.2. The case of p=4x+1. Let p = 4x+ 1 be a prime number and p ≥ 5. The following lemma
is useful for us.
Lemma 5.1. Let M be a lattice of signature (6, 2) and level p. Assume that the determinant of M
is p or p2. Then there exists a positive definite lattice L containing 2-roots such that M = 2U ⊕L.
Proof. We only prove the case of det(M) = p2 because the other case is similar. We choose a vector
v ∈ M with (v, v) = 2. It is clear that the ideal generated by (v, ℓ), ℓ ∈ M , is Z. By [GHS13,
Lemma 7.5], the orthogonal complement Mv of v in M has signature (5, 2) and determinant 2p
2.
The minimal number of generators of M∨v /Mv is 2. By [Nik80] or [Wan19, Lemma 2.3], there exists
a positive definite lattice L1 of rank 3 such that Mv = 2U ⊕L1. Since 〈v〉⊕Mv = 2U ⊕〈v〉⊕L1 has
the overlattice M , the lattice 〈v〉⊕L1 is not maximal and it has an even overlattice of determinant
p2 which is the desired L. 
We first consider the case of n = 6 and np = 1. In this case, the lattice has genus II6,2(p
(−1)x+1).
By Lemma 5.1, we can choose its model as M4,p = 2U ⊕ L4,p such that L4,p contains 2-roots.
Suppose that p > 5 and M4,p has a reflective modular form F . By [Sch06, Proposition 3.2], there is
no vector v ∈M∨4,p satisfying
1
2 (v, v) ≡
1
p mod 1. Thus F must be a 2-reflective modular form and
then the associated root system of L4,p is a root lattice of rank 4 whose determinant is divisible by
p. This is impossible when p > 5, which follows that M4,p is not reflective if p > 5.
We next consider the case of n = 6 and np = 2. In this case, the lattice has genus II6,2(p
−2).
Let N4,p = 2U ⊕ T4,p be its model such that T4,p has 2-roots. Suppose that N4,p has a reflective
modular form F . The root system associated to T4,p is non-empty and we denote it by R1⊕R2(p).
Notice that S4,p := (T4,p)
∨(p) is an even lattice of level p and determinant p2. We then have
N4,p ∼= 2U ⊕ S4,p. The root system associated to S4,p is R2 ⊕ R1(p). Applying Proposition 3.1 to
the two models of N4,p, we have h1 = h2 and rank(R1) = rank(R2) = 2. We denote the Coxeter
number of R1 by h. By Proposition 3.1, we can assume c1 = 1 and then cp = p. Moreover, the
weight of F is given by k = 12+(11− p)h. By the singular weight argument, we have k ≥ 2(1+ p).
The root lattice R1 has only two possible models: 2A1 with h = 2 and A2 with h = 3. By direct
calculation, there is a contradiction to the weight k if p ≥ 13. Thus N4,p is not reflective if p > 5.
Lastly, we consider the case of n = 10 and np = 1. In this case, we denote the lattice by 2U⊕T8,p.
Suppose that 2U ⊕ T8,p has a reflective modular form F . The lattice T8,p can be constructed as an
even overlattice of E7⊕A1(p), in which case the root system associated to T8,p must be E7⊕A1(p).
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Hence the weight and multiplicity of F satisfy
cp = 9pc1,
k = (165 − 9p)c1.
In view of the singular weight, we have 165− 9p ≥ (7+ 9p)/2, which follows that p ≤ 11. The only
possible case is p = 5. We have thus proved that 2U ⊕ T8,p is not reflective if p > 5. When p = 5,
we have c5 = 45 and k = 120, which coincide with our construction for 2U ⊕ T8 in Theorem 4.3.
To complete the proof of Theorem 1.1, we only need to consider the case of p = 5. It remains
to consider the three cases: n = 10 and np = 3, n = 14 and np = 1 or 2. For the first case, notice
that 2U ⊕ A4 ⊕ T4 has associated root system A4 ⊕ A2 ⊕ A2(5). Since A4 and A2 have different
Coxeter numbers, we deduce from Proposition 3.1 that 2U ⊕A4 ⊕ T4 is not reflective. For the last
two cases, we prove that they are not reflective in a similar way using models 2U ⊕ E8 ⊕ A4 and
2U ⊕ E8 ⊕ T4.
Remark 5.2. It is an interesting question if T4,p and (T4,p)
∨(p) are isomorphic as lattices. When
p = 5, we know from [LMFDB] that the genus of T4,5 has a unique class T4. Thus this question
has a positive answer when p = 5. But we do not know the answer in general case.
6. Applications
6.1. The Kodaira dimension of orthogonal modular varieties. In this subsection we use our
reflective modular forms to determine the Kodaira dimension of some orthogonal modular varieties.
By [GH14, Theorem 2.1], if there is a reflective modular form of large weight, then the modular
variety is uniruled and thus has Kodaira dimension −∞. By this result, we have
Theorem 6.1. The orthogonal modular variety D(M)/O˜
+
(M) is uniruled if M is in one of the
genus formulated in Theorem 4.1.
Theorem 6.2. The orthogonal modular variety D(M)/O+(M) is uniruled if M is in one of the
following genus
II14,2(2
−2
II ) II14,2(2
−4
II ) II14,2(2
−6
II ) II14,2(2
−8
II )
II10,2(3
+4) II10,2(3
−6) II6,2(5
−4) II4,2(7
−3).
By [Gri18, Theorem 1.5], if there is a strongly reflective cusp form of canonical weight, then the
Kodaira dimension of the modular variety is zero. Note that the modular variety D(M)/O+(M)
is a quasi-projective variety of dimension n if M has signature (n, 2), in which case the canonical
weight is n. Strongly reflective modular forms of canonical weight are very rare. There are only
four examples in the literature. The underlying lattices are respectively U ⊕U(2)⊕A1, 2U ⊕ 2A1,
2U ⊕ 2A2, 2U ⊕D5 (see [CG11, Theorem 4.1] and [Gri18, Theorem 5.8] ). We here give two new
such exceptional modular forms.
Theorem 6.3. When M is in one of the two genus
II12,2(3
+7), II4,2(11
+3),
the Kodaira dimension of D(M)/O+(M) is zero. Moreover, the geometric genus of D(M)/O+(M)
is one.
Proof. We only need to show that the character of the reflective modular forms is det. First, by
[GHS09, Theorem 1.1, Corollary 1.2], O˜
+
(M) is generated by all 2-reflections for the above two
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lattices. It is obvious that O+(M) is generated by O˜
+
(M) and the integral orthogonal group
O(D(M)) of the discriminant form of M . We can consider D(M) as a vector space over Fp with a
quadratic form. By Witt’s theorem, O(D(M)) is generated by all reflections. Thus it is generated
by all reflections associated to vectors of norm 2/pmod 2 in D(M). Therefore O+(M) is generated
by all 2-reflections and 2p-reflections. Since the modular form vanishes on all reflective γ⊥ with
multiplicity one, we conclude that the character is det. 
For the two lattices above, O+(M) is generated by reflections. By [GHS09, Corollary 5.4], the
modular variety D(M)/O+(M) is simply connected.
6.2. The genus of lattices. Our method can also be used to calculate the class number of the
genus of a lattice. Let L be an even positive definite lattice and M = 2U ⊕ L. Suppose that there
is a reflective modular form F for M . For every class L1 in the genus of L, the modular form F
has a Fourier-Jacobi expansion at the one-dimensional cusp determined by M ∼= 2U ⊕ L1. Thus
there is a Jacobi form of weight 0 and index L1 whose Borcherds product equals F . By Theorem
3.1, the root system of L1 satisfies either R(L1) = ∅ or rank(R(L1)) = rank(L1). In the latter case,
it is possible to determine L1 because it is an overlattice of R(L1). As an example, we compute the
class number of II10,0(3
+7).
Proposition 6.4. The genus II10,0(3
+7) has two classes. The first one has model E∨6 (3)⊕2A2 and
the second can be constructed as an even overlattice of A3 ⊕D7(3).
Proof. LetM be the unique class of II12,2(3
+7). We have constructed a strongly reflective cusp form
F of weight 12 for O+(M). Let L be a class of II10,0(3
+7). ThenM ∼= 2U⊕L. By Theorem 3.1, the
root system R(L) is not empty, otherwise F has a norm zero Weyl vector at the one-dimensional
cusp related to L. Thus R(L) is a root system of rank 10. Since R(L) has only 2- and 6-reflections,
it is a direct sum of some irreducible components of types G2, R and R(3), where R is a root system
of ADE-type. All irreducible components of R(L) have the same Coxeter number defined as the
constant C in the identity of type (3.2). The Coxeter numbers of G2, R and R(3) are respectively
4, h0 and h0/3, where h0 is the usual Coxeter number of R. Let a and b be the number of 2-roots
and 6-roots in R(L), respectively. By (3.1), we have
1
24
(a+ b+ 24) − 1 = h =
1
20
(
2a+
2
3
b
)
,
which follows b = 7a and h = a/3, where h is the Coxeter number of R(L). By direct calculations,
there are two possibilities R(L) = E6(3) ⊕ 2G2 or A3 ⊕D7(3). It is easy to see that the two root
systems have a unique even overlattice of determinant 37 and level 7 respectively. We then complete
the proof. 
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